We study the dynamics of a dark-bright soliton interacting with a fixed impurity using a mean-field approach. The system is described by a vector nonlinear Schrodinger equation (NLSE) appropriate to multicomponent Bose-Einstein condensates. We use the variational approximation, based on hyperbolic functions, where we have the center of mass of the two components to describe the propagation of the dark and bright components independently. Therefore, it allows the dark-bright soliton to oscillate. The fixed local impurity is modeled by a delta function. Also, we use perturbation methods to derive the equations of motion for the center of mass of the two components. The interaction of the dark-bright soliton with a delta function potential excites different modes in the system. The analytical model capture two of these modes: the relative oscillation between the two components and the oscillation in the widths. The numerical simulations show additional internal modes play an important role in the interaction problem. The excitation of internal modes corresponds to inelastic scattering. In addition, we calculate the maximum velocity for a dark-bright soliton and find it is limited to a value below the sound speed, depending on the relative number of atoms present in the bright soliton component and excavated by the dark soliton component, respectively. Above a critical value of the maximum velocity, the two components are no longer described by one center of mass variable and develop internal oscillations, eventually breaking apart when pushed to higher velocities. This effect limits the incident kinetic energy in scattering studies and presents a smoking gun experimental signal.
I. INTRODUCTION
Scattering is a fundamental physical process and essential tool to investigate objects in quantum theory [1] . We determine the low-energy interactions of subatomic particles by the well-known quantity, scattering length. Within this process, we acquire information regarding the nature of the interaction. Additionally, the interaction of solitons with localized impurities is a general and fundamental problem [2] . Utilizing the NLSE, many studies investigate the scattering of a bright or dark soliton with a localized impurity [3] [4] [5] [6] [7] [8] [9] . An impurity can be represented by a delta function as long as the size of the impurity is small enough compared to the soliton size. In BECs, one can create a delta function by a sharply focused far-detuned laser beam [2] . Of particular interest in soliton interactions with impurities is the interaction of two-component solitons with a delta function potential due to the rich dynamics that can be seen in these systems. The interaction of dark-bright solitons with an impurity has been the focus of other studies [10, 11] . But, to the best of our knowledge, the problem of the interaction of dark-bright solitons, with two independent centers of mass for the dark and bright components, with localized impurities and using the Lagrangian approach method has not been addressed so far. As we will show, the interplay between internal modes and the impurity is key to understanding the scattering process correctly.
In this work, we study the problem using coupled NLSEs, sometimes called the vector NLSE, that is appropriate to describe matter-wave dark-bright soliton in BEC [12] . The existence of the delta function potential modifies the background of the dark soliton component, and therefore one should account for this effect. We do so by considering a perturbation method [13, 14] where we adjust the coupled NLSEs to account for the delta function as a small perturbation term. We proceed by adopting a modified Euler-Lagrange equation, called the variational Lagrangian approach, to calculate the equations of motion for the two propagating centers of mass (i.e., the locations of the dark component and the bright component) [15] [16] [17] . The second part of this work is dedicated to investigating the dark soliton maximum velocity when interacting with a bright soliton in a dark-bright soliton. It is a well-known fact that the maximum velocity of a one-component dark soliton is the speed of sound [18] . We show that this qualitative characteristic of the dark soliton velocity is changing when we add a bright soliton to the picture. We adopt a known ansatz to describe the propagation of the dark-bright soliton. This ansatz is the exact solution for a dark-bright soliton with equally interacting coefficients (i.e., Manakov case [19] ). We then extend our results numerically in the more general case. We show that the incident velocity and therefore kinetic energy of the dark-bright soliton on the impurity is limited by the number of atoms in the bright soliton relative to the "hole" or density notch made by the dark soliton. Above a critical velocity, the dark-bright soliton develops oscillations, and when pushed further breaks up. This sets definite limits on scattering studies. This article is organized as follows. In Sec. II, we study the scattering of the dark-bright soliton by a delta function potential using a variational approximation method based on a hyperbolic tangent (hyperbolic secant) for the dark (bright) soliton component for the two-component ansatz and utilizing a perturbation method to account for the effect of the delta function on the background. In Sec. II C, we examine the velocity of the dark-bright soliton and obtain an analytical expression describing the effect of the bright component amplitude on the velocity arXiv:1804.10339v1 [cond-mat.quant-gas] 27 Apr 2018 of the dark-bright soliton. In Sec. III A, we investigate the scattering of the dark-bright soliton by a delta function potential by numerically integrating the dimensionless NLSE using an algorithm employing a pseudospectral method. We study the velocity of the dark-bright soliton numerically in Sec. III B. Finally, we present our conclusions in Sec. IV.
II. ANALYTICAL CALCULATIONS

A. Lagrangian density and ansatz
We start by introducing the coupled NLSEs:
where u ≡ u(x, t) and v ≡ v(x, t) are the wave functions for the dark and bright soliton components, respectively. The dark soliton wave function is rescaled to remove the background contribution, u 0 , which is a standard procedure to avoid divergent normalization and energy [15] . The potential in the above equations takes the form,
for both components. We assume α u 0 , and therefore we consider the potential to behave like a small perturbation effect which allows us to use the perturbation method. The same length-based units as we have described previously [12] are used here:
, where the square brackets mean "the units of." The existence of a delta function affects the background of the dark-bright soliton, as seen in Fig. 1 , and we need to modify the background also to account for this effect. We assume the dark soliton component lives on a modified Thomas-Fermi cloud, |u TF | 2 , which accounts for the effect of the delta function on the background [10] ,
and by using the following transformations,
we recase Eqs. (1) into the following:
Where the RHS of Eqs. (5) represent the perturbation effects,
(6)
where α 1 in these units. We work with the following ansatz,
Here c(t) and A(t) are the amplitude and velocity for the dark soliton component, respectively. The amplitude for the bright soliton component is F (t). The velocity of the bright soliton is given by φ 1 (t), and d(t) and b(t) are the position of the dark and bright soliton, respectively. The width for the two components is w(t) and φ 0 (t) is a phase that gives rise to a complex amplitude of the bright component. We have a total of eight variational parameters that describe the propagation of the dark-bright soliton. The perturbation terms account for the effect of the potential (i.e., delta function). In the absence of the perturbation terms, the problem reduced to a propagation of the two-component dark-bright soliton [12] . We use the normalization conditions,
for the dark and bright component, respectively. We subtract the background in the first component of Eqs. (8), therefore, N 1 is the number of atoms displaced by the dark soliton. We define the total number of atoms N involved in the dark and bright solitons as
Using the ansatz, Eqs. (7), in the normalization, Eqs. (8), we find the relation between N 1 , N 2 and the coefficients of the two components in the dark-bright soliton:
The modified Euler-Lagrange equation [15] , here a j represent the variational parameters in the ansatz. The Lagrangian density for the system of coupled equations, Eqs. (5) when R u = R v = 0 is:
We utilize the modified Euler-Lagrange equation, Eq. (11), to account for the effect of the delta function on the background. By inserting the ansatz, Eq. (7), into the Lagrangian density, Eq. (12), we obtain the Lagrangian as a function of the variational parameters. Then, we use Eq. (11) with the perturbation terms, Eq. (6) to find the equations of motion (EOMs) of the system.
B. Evolution equations
The outcome of the calculations in Sec. II A is a system of ordinary differential equations (ODEs) that describe the propagation of dark-bright solitons toward a delta function. Below, we write down only the equations that we are going to use to form a system of second order coupled ODEs,
Here, Eq. (13d) is obtained by inserting the ansatz, Eq. (7), in the coupled NLSEs, Eqs. (5), and separate the imaginary and real parts. In our calculations we take the delta function as located at the origin x = 0 without loss of generality. We assume that the oscillations between the two component is very small (i.e. 13a) is obtained by solving the RHS of Eq. (11) with a j = b and the perturbation component Γ 2 in Eq. (13b) is obtained by solving the RHS of Eq. (11) with a j = d. As a result, we obtain the following terms,
and for Γ 2 we get,
As a quick consistency check, note that when we set α = 0 (i.e. no potential), Γ 1 and Γ 2 are equal to zero too and therefore the perturbation terms are eliminated. By taking the second derivative of Eq. (13c) and Eq. (13d) we can further simplify the system of equations, Eqs. (13), and obtain the following second order differential equations:
where we used the normalization, Eq. (10). Equations (15) describe the propagation of the two component dark-bright soliton in the vicinity of delta function potential located at x = 0.
By fixing the initial velocity of the dark-bright soliton, V CM = 0.06 and depending on the strength of the potential, α, we obtain three distinctive behavior of the dark-bright soliton as seen in Fig. 2, 3 and 4. These scenarios comprise reflection, reflection with resonance and a subsequent delay, and transmission, respectively. In all figures, we find that the internal oscillation of the two components did not change for the incident and reflected dark-bright soliton. This means that there is ultimately no energy exchange between the internal modes and the kinetic energy of the dark-bright soliton. In Fig. 2, 3 and 4 we set g 1 = 2, g 2 = 2.7, g = 2.6, w = 1 and
5 . In Sec. III A, we compare these analytical predictions to the numerical calculations. 
C. Dark-bright soliton velocity
In this section, we work with the velocity of the dark-bright soliton. Here we are working with different units [10] . The dimentionless coupled NLSEs,
are integrable (i.e., Manakov case) and possess an exact analytical dark-bright soliton solution of the following form [20] :
Here ψ 1 (x, t) and ψ 2 (x, t) are the wave functions for the dark and bright soliton components, respectively. The argument of the hyperbolic functions is ξ = D (x − x 0 (t)), cos∆φ and η are the dimensionless amplitudes of the dark and bright components, respectively, and D and x 0 (t) are the inverse width and the centre position of the darkbright soliton. The phase jump over the dark soliton is ∆φ. By using the variational method, we obtain the EOMs,ẋ
Plugging Eq. (19) into Eq. (18), we get:
For η = 0 (i.e. v(x, t) = 0), we haveẋ 0 = sin∆φ which is the velocity of dark soliton in one-component BECs, a Josephson-type relation based on the phase jump phi over the soliton [21] . The two extreme limits of the phase jump over the dark soliton are ∆φ = 0 and ∆φ = π 2 . In the former the depth of the dark soliton is maximum, and the velocity is zero. In the latter case, the depth of the dark soliton is zero whereas the velocity is maximum (i.e., the speed of sound, c). By examining Eq. (20), we find that the existence of a bright component affects the velocity of the dark-bright soliton and sets an upper limit for the maximum velocity depending on the amplitude of the bright component. Also, the term cos 2 ∆φ − η 2 in Eq. (20) restricts the range of the real values of the velocity of the dark-bright soliton. By equating this term to zero, we find that ∆φ gives a real value only for ∆φ : 0 → cos −1 (η). This implies that there is a finite range of the velocity of the dark-bright soliton as well as a finite range of the depth of the dark component in the dark-bright soliton. Since the depth of the dark component is governed by cos∆φ, the range of the dark soliton amplitude goes from u 0 when ∆φ = 0 to η when ∆φ = cos −1 (η). That is, the minimum depth of the dark soliton component in the dark-bright soliton is not zero as it is the case for one-component dark soliton. It depends on the amplitude of the bright soliton component. In the range ∆φ : 0 → cos −1 (η) the darkbright soliton velocity is zero on both ends as seen form Eq. (20) . So, in this interval, the velocity increases to a finite value and decreases, see Fig. 5 . To find the maximum velocity of the dark-bright soliton we differentiate Eq. (20) and solve it for ∆φ. As a result, we obtain the following equation,
Above this maximum value,ẋ max 0
, an internal oscillation develops between the two components which means the two component are no longer described by one center of mass variable for the dark-bright soliton. Therefore, the above ansatz, Eq. (17), is not valid beyond this maximum velocity. Note that for η → 1,ẋ max 0 → 0, N 2 → N 1 from below, and the dark-bright soliton ceases to exist, as shown in [12] . In Fig. 5 we plot the velocity of the dark-bright soliton for η = 0.5 (i.e., the bright component is half the amplitude of the dark component). Since the amplitude squared of both components is proportional to the number of atoms in each component, the case where η = 0.5 is equivalent to N 1 = 2N 2 , where N 1 is the number of atoms displaced by the dark soliton and N 2 is the number of atoms in the bright soliton, as described in Sec. II A. where we can calculate it from Eq. (21). Above c/2 the two components in the dark-bright soliton start to oscillate, as can be seen in the numerical simulation in Fig. 10 , therefore an ansatz with one variable to describe the location of the two components is not valid. We plot the case for one-component dark soliton, η = 0, for comparison.
III. NUMERICAL CALCULATIONS
We numerically study the interaction between the two components in the dark-bright soliton and the potential barrier in Sec. III A where we use a delta function as described by Eq. (2). The strength of the delta function potential can be modified by varying the amplitude α. In addition, we study the effect on a one-component dark soliton velocity when interacting with another component, in this case a one-component bright soliton. The velocity of the dark soliton component is fundamentally different than the velocity of the bright soliton. As we increase the speed of the dark soliton, its width goes to infinity, and the depth goes to zero. As a result, the dark soliton disappears and we left with a plane wave. Also, the maximum velocity of a one-component dark soliton is the speed of sound in BEC. In contrast, the one-component bright soliton velocity is unbounded and its width is not a function of its velocity at all. These known facts raise questions when we are dealing with the dark-bright soliton, as we explored under certain simplifying assumptions amenable to analytical treatment in Sec. II C, where we found a maximum velocity dependent on the difference between the amplitudes of the two components. Therefore, the presence of the bright soliton component will qualitatively change the behavior of the well-known dark soliton velocity. We now relax those assumptions to treat the general case numerically. Throughout this section, we performed the simulations with grid size n x = 256 in a box with hard-wall boundaries. The box length was set to L = 100 unless otherwise noted.
A. Scattering of dark-bright soliton by potential barrier
We now explore the scattering problem numerically by creating a moving dark-bright soliton incident on a deltafunction potential. We make no other assumptions, allowing for internal excitations of the dark-bright soliton around its center of mass. There are two ways to to impart a velocity to the dark-bright soliton. The first is to imprint a linear phase ramp on the bright soliton component. As a result the bright soliton will drag the dark soliton, and therefore we will have a moving dark-bright soliton.
The second is to imprint a phase to one side of a dark soliton, creating a phase jump ∆φ, therefore, we obtain the same moving dark-bright soliton. There is however a significant difference in the outcome in terms of excitation of internal modes. In the first case, imprinting a phase on the bright soliton will produce an internal oscillation of the two components of the dark-bright soliton. We use this method here to move the dark-bright soliton. The second method is used in the second part of the numerical section where we are interested in having the two components move without any internal oscillation.
We thus first imprint a phase on the bright component and therefore the dark-bright soliton moves toward the delta function which is for convenience located at x = 60 in our simulation, with the grid of 256 points running from x = 0 to x = 100. Depending on the strength of the delta function (i.e., α), where we fixed the incident velocity for all cases, we have three distinctive sets of dark-bright soliton dynamics ensue. In Fig. 6 , where we have both the analytical and numerical results plotted on the same graph, we set α = 0.01 and find that the dark-bright soliton is passing over the potential. When the dark-bright soliton interacts with the delta function, we found that numerically the dark-bright soliton moves slightly faster than the analytical prediction. At the end of this section, we discuss the physical reasons for the discrepancy between the analytical and numerical results.
In Fig. 7 , we set α = 0.04, and the outcome of this comparison between the analytical and numerical calculations is that the dark-bright soliton hovers around the location of the potential for a finite time, appearing to be briefly quasibound or resonant, and then is reflected. The analytical predictions and the numerical calculations show that the dark-bright soliton reflects with different velocities. We consider this case as an inelastic scattering of the dark-bright soliton by a delta function as can be seen in Fig. 9 . Numerically, when the dark-bright soliton interacts with the potential barrier an internal state is excited (i.e., the internal oscillation of the two components) and therefore the dark-bright soliton come out of the interaction with a different velocity than the initial one.
In contrast, in Fig. 8 we found that the dark-bright soliton reflects rapidly from the potential for α = 0.15. The delta function potential, in this case, does not allow for the creation of a quasibound state as in Fig. 8 .
In Fig. 9 , we compare the analytical predictions to the numerical calculations for a wide range of delta function strength (i.e., α) and the center of mass velocity of the dark-bright soliton. We identify three regions. The transmission of the dark-bright soliton over the barrier, the reflection, and the inelastic scattering region. These three case studies outline the basic kinds of dynamical outcomes. The dark-bright soliton has an additional characteristic that during the scattering process, for a small range of delta function strength, energy can be absorbed into the internal mode. In this case, the oscillation mode. We defined this region as an inelastic scattering region. It is noteworthy to mention that the inelastic scattering and the excitation of the internal modes occur only when we allow for an additional degree of freedom, as we do in this article, namely, the internal oscillation of the two components.
The basic idea is the scattering process interaction with the impurity transfers kinetic center of mass energy into internal modes, resulting in inelastic scattering. Two of these modes are captured by the analytical model: the dominant feature of relative oscillation between the two components, as well as the oscillation in the widths. However, the analytical model requires these widths oscillate in sync. The numerical simulations allow further internal modes to enter the problem, starting with out-of-sync oscillations of the soliton widths, and including even shape deformations of various kinds. In general, the scattering of a dark-bright soliton is a complex inelastic process which will require experiments to properly understand, especially since quantum fluctuations are well known to concentrate at mean field minima, in this case the interstices where the bright soliton meets the dark soliton. A proper treatment of such quantum fluctuations is an excellent subject for future study and involves at a minimum solution of the dynamical Bogoliubov equations.
B. Dark-bright soliton velocity
The behavior of the dark soliton velocity changes when interacting with another component, in this case, a bright soliton component in a dark-bright soliton. To study this behavior numerically, we imprint a phase jump, ∆φ, on the dark soliton component only. In this way, we adiabatically move the two components such that we do not cause an oscillation between them, to explore our analytical predictions for the Manakov case from Sec. II C.
It is important to mention that the interaction coefficients (i.e., g 1 and g 2 ) are all positive in this case. This means that the bright soliton component can only live in such repulsive media by interacting with the dark soliton component. As mentioned in Sec. II C, Eq. (16) possesses an exact analytical dark-bright soliton solution, Eq. (17) . By examining this solution, we find that both component locations of the dark-bright soliton are expressed by one single spatial variable, x 0 (t). This is a criterion for an exact solution of Eq. (16).
In Fig. 5 , we see that the existence of the bright soliton component with half the amplitude of the dark soliton component prevents the dark soliton component from reaching its maximum velocity, µ 1 and puts an upper limit on it. This is the upper limit for the velocity of the dark-bright soliton before the two components oscillate. By adopting the method mentioned above to move the dark-bright soliton we are in a position to compare the analytical results obtained in Sec. II C with the numerical results we have in this section.
In Fig. 10 , we imprint a phase difference on the dark soliton component only with interaction parameters g 1 = 2, g 2 = 3 and g = 2.6. We find that the two components in the dark-bright soliton have the same velocity below a critical value of the phase imprinted. Therefore, no internal oscillation happens and the one variable,x 0 (t), represents the two-component locations. Above the critical value, we find the two components start to acquire different velocities. Consequently, an internal oscillation between the two components occurs and the positions of the dark component and the bright component no longer coincide. Therefore, the two-component cannot be expressed by one variable as described in Eq. (17).
IV. CONCLUSIONS
We obtained a system of equation of motions for a dark-bright soliton scattering off a fixed localized impurity, modeled by a delta function potential. We used a variational method with a hyperbolic tangent for the dark component and a hyperbolic secant for the bright component. The existence of the delta function altered the background of the dark soliton component, and therefore a perturbation method was needed to incorporate the effect of the delta function. The interaction of the dark-bright soliton with the potential excites different modes in the system. As a result, the dark-bright soliton emerges with a different velocity. Our analytical model capture two of these modes: the dominant feature of relative oscillation between the two components, as well as the oscillation in the widths. However, the analytical model requires these widths oscillate in sync. The numerical simulations allow further internal modes to enter the problem, starting with out-of-sync oscillations of the soliton widths, and including even shape deformations of various kinds.
We identify regions for the transmission, reflection and inelastic scattering of the dark-bright soliton by the potential barrier. We present three case studies outlining the basic kinds of dynamical outcomes. The many internal modes excited in this problem show the complexity of the nonlinear dynamical multicomponent problem. Our study rather points to different physical regimes, and one can follow up by applying our model to any particular experiment intending to pursue the scattering question. Nevertheless, we have provided at least one case study of transmission/reflection in Fig. 9 , to give the reader a general idea of the sorts of regimes that may occur. The scattering of a dark-bright soliton could also cause quantum fluctuations, as one might model, e.g., in dynamical Bogoliubov theory. In this case, the kinetic energy would go not only into internal mean-field modes but also into enhanced quantum fluctuations localized in and near the dark-bright soliton. If that is the case, then a reduced velocity of a scattered dark-bright soliton beyond meanfield predictions will be a sign of quantum fluctuations. This is another strong reason to get the mean-field inelastic scattering correct, carefully understanding all internal modes created by interaction with the impurity.
In scattering theory, we usually put no limit on the incident kinetic energy. However, dark solitons are well known to be limited to the speed of sound c in the medium. The dark soliton grows shallower as the velocity is increased and eventually disappears. The dark-bright soliton is also limited in velocity and therefore incident kinetic energy. However, the limit is much more stringent. We showed in the Manakov or equal-interaction case where it scales with the relative number of atoms in the bright and dark components. That is, as the dark soliton goes faster and is therefore shallower, it can no longer support the bright soliton. For example, when the bright soliton has half of the number of atoms as the dark one excavates or pushes aside, the maximum velocity is half the sound speed. Above this critical velocity the soliton components begin to oscillate, and eventually break apart. This limits the kind of scattering experiments that can be performed in multicomponent BEC experiments and presents a smoking gun signal.
Future work may extend the investigation of the interaction of vector soliton with an impurity to threecomponent. We might rip apart the dark-bright soliton with the proper resonance condition, as found for exciton transport. In this sense, the barrier can be used to reflect, transmit, excite, or even destroy the dark-bright soliton [22, 23] . In addition, by solving this single impurity problem, we may extend the work for solving the disordered problem. It is noteworthy to mention that the excitation of the internal modes occur only when we allow for an additional degree of freedom, as we do in this article, namely, the internal oscillation of the two components which reflect the importance of using ansatz with two independent positions for the dark and bright soliton components.
